We study the homogeneous space of the quantum group U q (n) related to the subgroup U q (n − m) (m < n), classify its irreducible representations and get a formula for its invariant integral. We also study the double cosets U q (n − m)\U q (n)/U q (n − m) and the hypergroup structure associated with them.
Introduction.
If a group G acts on a set S transitively on the right, then one can view S as G/K, where K is a subgroup of G. Thus a function on S can be considered as a function on G, invariant with respect to the right shifts by elements of K. It is especially interesting to consider bi-invariant functions on G since they can be identified with the functions on the set of G-orbits in S. If G is a locally compact group and K is its compact subgroup with Haar measures µ G and µ K respectively, then the set B ⊂ L 1 (G, µ G ) of all bi-invariant functions is an algebra with respect to the convolution and has a natural hypergroup structure related to generalized translation operators (see the survey [23] and the references given there):
If the subalgebra B is commutative ( or, equivalently, the coproduct ∆ is cocommutative) then (G, K) forms a Gel'fand pair [6] . In many cases the characters of B are well known special functions of mathematical physics. This explains the importance of the notion of a Gel'fand pair.
The case of a noncommutative subalgebra B has been studied in a number of papers. In particular, a pair (SO(n), SO(m)) was considered in [8] , [22] . It is known that the homogeneous space SO(n)/SO(m) can be regarded as a Stiefel manifold S n,n−m . The infinitesimal object for the corresponding hypergroup structure was investigated in [15] , [16] .
A similar situation arises while considering functions on compact quantum groups [29] (see also [20] ). Here, for a pair of compact quantum groups (H 1 , H 2 ) and a surjection π : H 1 → H 2 , we also consider an algebra H of biinvariant elements and define a coalgebra structure on it [4] , [24] , [25] , [26] . In this situation we say that H is endowed with a hypergroup structure. If the coalgebra is cocommutative, we call (H 1 , H 2 ) a Gel'fand pair [12] , [24] . If, in addition to, the algebra is commutative, we call such a Gel'fand pair strict [24] , [25] .
When algebra and coalgebra of bi-invariant elements are noncommutative, a corresponding hypergroup structure is more complicated. One of the simplest examples of such a situation is given by the pair H 1 = U q (n), H 2 = U q (n−m) (quantum unitary groups, m < n). For this pair we study a structure of a homogeneous space S n,m q = U q (n)/U q (n − m) which is a quantum analogue of a Stiefel manifold. We give its description in terms of generators and relations of commutation, obtain a classification of its irreducible representations and a formula for an invariant integral on it. These results generalize the results obtained in [14] , [17] , [21] , [28] for m = 1. In this case S n,1 q are quantum spheres. We also investigate the double cosets U q (n − m)\U q (n)/U q (n − m) and the corresponding hypergroup structure. In a special case m = 1 these and related questions were studied in [4] , [7] , [11] , [12] , [24] , [25] , [26] .
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Preliminaries.
All modules, comodules, algebras, coalgebras, Hopf algebras [1] , linear maps, homomophisms, tensor products are considered over the field C of complex numbers. Algebras (coalgebras) are associative (coassociative) unital (counital). [5] , [14] , [18] , [19] .
Quantum group GL q (n, C)
Let a Hopf algebra H := A(GL q (n, C)) be generated by letters t ij (i, j ∈ {1, . . . , n}), det −1 q satisfying the following relations of commutation (q ∈ C):
The coproduct ∆ : H → H ⊗H and counit ε : H → C act in the following way:
q ) = 1. The antipode S is a homomorphism S : H → H such that:
) is the number of inversions in τ . The commutation relations (2), (3), (4) can be rewritten as
where [9] , [18] :
E ij are matrix units.
Remark 1.
The quantum minor determinants satisfy the following relations:
2.2. Quantum universal enveloping algebra U q (gl(n, C)) [5] , [14] , [18] . Let L n be a free Z-module of rank n with a canonical basis (
The quantum universal enveloping algebra U q (gl(n, C)) is a C-algebra defined by generators e k , f k (k ∈ {1, . . . , n}) and q λ (λ ∈ L n ) and the following relations of commutation:
This algebra has also a structure of a Hopf algebra with the following coproduct ∆, counit ε, and antipode S:
Given two Hopf algebras A and H over C, we say that a C-bilinear form a, φ : H × A → C is a pairing of Hopf algebras if it satisfies the following conditions:
for any a, b ∈ H and φ, ψ ∈ A.
The following proposition can be found in [5] , [19] :
There exists a unique pairing of Hopf algebras U q (gl(n, C)) and A(GL q (n, C)) (briefly GL q (n, C)), such that:
In particular, GL q (n, c) is a bimodule over U q (gl(n, C)). The actions of the generators q λ , e k , f k are given by [14] . Let G be a quantum group with a coordinate ring A(G). Then a quantum space X is called a quantum left A(G)-space if the coordinate ring A(X) of X has a structure of a left
Quantum G-spaces and relative invariants
The subspace of all left relative G-invariants in A(X) with a character χ is denoted by
The notions of right G-space and right relative G-invariants are defined similarly. If χ = 1, the subalgebras of all right-and left-invariants are called quantum homogeneous spaces and denoted by X\G and G/X respectively. In the similar way one can define a subalgebra of bi-invariants: [14] .
Corepresentations of GL q (n, C)
In what follows, we use an abbrevation ξ J = ξ j 1 ...jr (resp. ξ J = ξ j 1 ...jr ) to refer to a quantum r-minor determinant ξ 1...r j 1 ...jr (resp. ξ
For each positive integer r with r ∈ {1, · · · n}, we define the fundamental weight Λ r by Λ r = ε 1 +· · ·+ε r . Let λ be an integral weight in L n in the form
For such λ, let T = (T rs ; 1 ≤ r ≤ n, 1 ≤ s ≤ λ r ) be a family of elements in (1, . . . , n) . If T satisfies the conditions
then T is called a semi-standard tableau of shape λ with labels in (1, . . . , n). We denote the totality of all semi-standard tableaus T = (T r,s ) by SST ab n (λ) and define the standard monomial ξ T indexed by T as the product of quantum minor determinants
where J s = (T 1,s , . . . , T ms,s ) for s ∈ {1, . . . l}.
Suppose now that q is not a root of unity.
In a similar way one can construct a left irreducible
(3) Any finite-dimensional right and left GL q (n, C)-comodule is completly reducible.
Proposition 4. The coordinate ring
where the two-sided
is isomorphic to the tensor product of the left and right irreducible
and the summation runs over all dominant integral weights λ in L n . [14] , [29] , [21] , [27] .
Invariant integral
for all φ ∈ GL q (n, C). A bi-invariant integral is called a Haar integral.
Proposition 5. There exists a unique Haar integral h with h(1) = 1 and it is the projection
2.6. Quantum group U q (n) and quantum homogeneous space U q (n− 1)\U q (n) [14] , [28] . The definition of a Hopf *-algebra can be found in [20] , [19] :
Definition 2. A Hopf algebra H is a Hopf *-algebra if it is equipped with a conjugate linear mapping * : H → H, such that:
Now we define the "compact real form" U q (n) of GL q (n, C) by introducing an involution in the Hopf algebra GL q (n, C), if q is real, q / ∈ {−1, 0, 1}. The anti-homomorphism * acts on A(GL q (n, C)) in the following way:
One can check that T * T = TT * = 1, where T * = ((t * ji ) n i,j=1 ), and that
Definition 3. The above Hopf * -algebra is the algebra of polynomials on the quantum unitary group U q (n). Sometimes we denote it briefly U q (n). The algebra of polynomials on the quantum group SU q (n) is a Hopf * -algebra specified by the condition det q = 1 with the same ∆, ε, S, * .
of Hopf * -algebras by:
, satisfying the following relations:
The structure of the quantum homogeneous space U q (n)/U q (n − 1) is similar. [4] , [24] , [25] .
Double cosets of quantum groups
With respect to the coactions b) A straightforward verification shows that:
Let ν 2 be an invariant integral on H 2 (it exists if H 2 is associated with a compact quantum group [29] ). Introduce a new coproduct on H 2 \H 1 /H 2 :
This is a generalization of (1) for Hopf algebras case. We denote the restrictions of ε 1 , S 1 , to H 2 \H 1 /H 2 by the same letters.
Proposition 7.
Let a mapping ∆ be defined by (11) . Then:
e) the following relation holds: 
where u α i,j are matrix elements of d α -dimensional unitary corepresentation of H 1 (d α < ∞ for all α running over some discrete setQ) and there exists an invariant integral ν on H, which is a state and such that α-sum in (12) defines an orthogonal decomposition in the sense of the inner product given by f, g := ν(f · g * ) after a suitable choice of an orthonormal basis for each representation space. In this case, the comodules H 2 \H 1 , H 1 /H 2 as well as H 2 \H 1 /H 2 may be given by
3.1.
For studying the structure of the quantum space
In this case we write µ ≺ ν.
we have a decomposition:
where µ n−m runs over the set of all dominant integral weights in L n−m subordinated to λ, V R (λ, µ n−m ) is an irreducible U q (n − m)-comodule of the weight µ n−m , K λ µ n−m ≥ 1 is its multiplicity, ∼ means an isomorphism. Proof. For m = 1 the result has been obtained in [14] :
with weight µ n−1 . By this isomorphism and a decomposition of V R (µ n−1 ) similar to (16) , on the second step we have
where {µ} n−2 is the collection of the weights
, and V R (λ, {µ} n−2 ) is isomorphic to an irreducible right U q (n − 2)-comodule of the weight µ n−2 . On the m-th step of this process one gets a decomposition:
where {µ} n−m runs over the set of all collections of the dominant integral
and it is isomorphic to an irreducible U q (n − m)-comodule of the weight µ n−m . There are several collections {µ} n−m "leading" from λ to µ n−m ; the number of these collections defines the corresponding multiplicity K λ µ n−m (the formula for computation of this number is quite complicated).
3.2.
In a usual way, one can give a definition of the highest vector of the weight µ n−i in the irreducible U q (n − i)-comodule V R (λ, µ n−i ). It can be constructed as follows. Remind that the basis in V R (λ) is formed by all possible standard monomials ξ T indexed by the semi-standard tableaus T in SST ab n (λ).
(1) Let a tableau T be such that ξ T is the highest vector of an irreducible U q (n−i)-comodule. This is possible if and only if e k ·ξ T = 0 ∀k ∈ {1, . . . , n− i − 1}. Since e k · ξ j 1 ···js = ξ j 1 ···jp−1···js , if some j p = k + 1, and
So the above structure of the lines of the tableau T is necessary. After that it remains to check that for such a tableau we also have: In fact, according to the construction of
. Considering a line J and the corresponding line
So one gets that ξ T (corresponding to the semi-standard tableau T with the above property) is the highest vector of the weight µ
n−i) and in this way generates an isomorphism of irreducible
Remark 3. Lemma 1 and the mentioned construction of the highest vector can be applied also to left comodules.
3.3.
In what follows we consider the homogeneous space U q (n)/U q (n − m), i.e., the subcomodule V R (λ) of comodule U q (n) of the weight µ n−m = 0.
n−m ≥ λ n−m+1 ≥ · · · ≥ λ n we obtain λ n ≤ 0. The condition µ n−m = 0 means that the tableaus T ∈ SST ab n (λ) do not contain the numbers 1, · · · , n − m. Using Proposition 3, we can proceed to the case λ n ≥ 0. The new weights can be written as:
That is why the new tableaus T ∈ SST ab n (λ − λ n (ε 1 + · · · + ε n )) corresponding to the highest weights of this comodule will already contain the numbers 1, · · · , n − m. Moreover, each of them should contain a rectangle block beginning from the first line and the first column, every its line containing a completely ordered set 1, · · · , n − m, the number of its columns being equal to −λ n .
Consider now the generators v T = det λn q ξ T of the above U q (n − m)-comodule. Since the number of lines of T containing the numbers 1, · · · , n− m equals to −λ n , then these generators can be written in the form:
By the definition of * we have: det The comodule generated by the vectors v T is the U q (n − m)-subcomodule of the weight µ n−m = 0 in U q (n − m)-comodule V R (λ). We denote it by 
The result of our considerations can be summarized as follows:
satisfying the following relations:
2) The relations (17) , (18), (19) , (20) form the full system of relations between the generators t ik , t
Proof. 1) It was explained already that the algebra S n,m q
is generated by
We shall prove the formulae (17)- (20) using the matrices T = (t ij ) n i,j=1 and T * = (t * ji ) n i,j=1 . The formula (20) follows from the equation TT * = T * T = I (see 2.6). The formula (17) follows from the Equation (6)
: (T ⊗ T)R = R(T ⊗ T), where T ⊗ T = (T ⊗ I)(I ⊗ T). Multiplying both sides by (T * ⊗ I) on the left, one gets (I ⊗ T)R = (T * ⊗ I)R(T ⊗ I)(I ⊗ T); multiplying both sides by I ⊗ T * on the right, one gets (I ⊗ T)R(I ⊗ T * ) = (T * ⊗ I)R(T ⊗ I).
The coordinate form of this formula gives us (19) . And, finally, multiplying the last line by the I ⊗ T * on the right and by the T * ⊗ I on the left, one gets
From this formula we obtain (18) .
2) It is known that monomials in t ik , t * ik (1 ≤ i ≤ n, 1 ≤ k ≤ n) having the lexicographic order form a basis in U q (n) [14] , [18] . Similarly one can show, using the relations (17), (18), (19) , (20) , that monomials in . This allows us to identify the algebra generated by the above letters and relations with certain subalgebra of U q (n). After that it is clear that there is no nontrivial polynomial in 
4.1.
Recall some basic facts referring to representations of the algebra of polynomials on the quantum group SU q (n) [20] , [19] . The algebra of polynomials on SU q (2) has the following irreducible representations: one-dimensional
(from here on we consider only q ∈ (0, 1)).
The representations of SU q (n) can be constructed using the above representations of SU q (2). Let ψ i : U q (sl(2)) → U q (sl(n)) be the inclusion of the quantum enveloping algebras such that ψ i (e) = e i ; (2) and π i = ρ 0 ψ * i are the irreducible * -representations of SU q (n). By this construction, π i (t ii ) and π i (t i+1,i+1 ) contain the shift operators, π i (t i,i+1 ) and π i (t i+1,i ) are diagonal and π i (t k,l ) = δ kl 1 for all other generators.
Let S n ω = τ i 1 · · · τ i k be a decomposition of some element ω of the permutation group, which has the least possible number of transpositions τ j = (j, j + 1). The representation π ω = π i 1 ⊗ · · · ⊗ π i k corresponds to the element ω (recall that if H is a Hopf algebra, ρ 1 is a representation of its algebra H, A is a right comodule algebra over H with respect to the coaction R A : H → H ⊗ A, ρ 2 is a representation of the algebra A, then one can construct a new representation of the algebra H:
Proposition 8. The * -representations π ω are irreducible and any irreducible * -representation of SU q (n) is equivalent to some π ω up to a onedimensional tensor factor.
Remark 5.
A similar statement is also valid for U q (n). The only difference is that the set of one-dimensional representations of the group SU q (n) is (n − 1)−parametric and of the group U q (n) is n−parametric.
4.2.
One can construct an irreducible * -representation of the quantum Stiefel manifold S n,m q Proof. Let us consider the structure of elements of S n (resp., S n /S n−m ) and the structure of the corresponding representations of U q (n) (resp., S −q n,m ). An arbitrary element of S n can be written as follows:
(in particular, the greatest element ω 0 ∈ S n has the form:
The corresponding series of representations of U q (n)
is parametrized by one-dimensional representations κφ. Here one-dimensional representations κφ correspond to the greatest torus in U q (n).
Respectively, an arbitrary representative of a class from S n /S n−m having the least possible length can be written as follows:
(in particular, the greatest element from S n /S n−m , the representative of the class ω 0 S n−m having the least possible length, is
The corresponding series of representations of S n,m q
is parametrized by one-dimensional representations corresponding to the greatest torus in S n,m q . Now let us show that every representation π ω is irreducible. The irreducibility of this representation follows from the fact that for any tensor component of π ω (·) one can find such a generator t of S n,m q for which this tensor component of π ω (t) containes the shift operator. More precisely, one can see that for any tensor component of π ω (·) with a number from the group {i l , . . . , n − l} (l = 1, . . . , k) it is possible to find such a generator t from the group {t 1,n−l+1 , . . . , t n,n−l+1 } for which this tensor component of π ω (t) containes the shift operator. Let us show the typical consideration supporting this statement. Let us consider, for example, the greatest representation π ωm . Then
The operator π i−1 (t ii ) containes the shift operator by the construction. The operators π j (t j,j+1 ) (i ≤ j ≤ n − 1) are diagonal and all the others are unit operators. Hence, the above statement is true for the tensor components of π ωm (·) with numbers from the group {1, . . . , n − 1}. Similarly one can consider all other cases. Thus, the proof is completed. Proof. Continue ρ up to the representation of the quantum group SU q (n) in the following way:
It is irreducible because it is irreducible on the subalgebra. Then, according to Proposition 8, it is equivalent to the representation
Let us consider the permutation ω = τ i 1 · · · τ i k corresponding to this representation. The representation ρ and, consequently, π ω are irreducible on S n,m q . Then let us show that π ω is irreducible only if ω has the least possible length. Consider a transposition τ s ∈ S n−m , a representation
this representation is not irreducible. Thus we have proved that the length of ω should be the least possible.
4.3.
Let us consider now the set of representations π ω,φ = π ω ⊗ κφ, where κφ are one-dimensional representations of S n,m q and ω ∈ S n /S n−m .
Theorem 4. For the representations of S n,m q
we have:
give all the representations of U q (n), and it is known [28] that the intersection of their kernels is 0. Remark 6. The C * −algebra C(U q (n)) of the quantum group U q (n) was introduced in a number of papers, for example, in [18] , [29] . The C * −algebra C(S n,1 q ) was introduced in [17] , [18] , [28] .
5. Invariant integral.
5.1.
The existence and the uniqueness of the invariant integral ν n on U q (n) are known (2.5, 2.6). Our aim is to obtain a formula for its calculation as well as a similar formula for an invariant integral ν n,n−m on S n,m q (i.e., a linear functional on S n,m q
). We shall do it by induction in n. For this we use the formula for the invariant integral ν n,n−1 on S n,1 q = SU q (n)/SU q (n−1) = U q (n)/U q (n−1) which has been obtained in [28] :
where ω 1 is the greatest element in S n /S n−1 , Q :
One can see that the operator Q is equal to the operator
and its trace equals to 1.
Lemma 2.
The formula for the invariant integral on U q (n) is:
where
The formula for the invariant integral on S
n,m q is: Proof. The induction step is given by the following equality:
is an epimorphism, a map P r = (id⊗ν n−1 )(id⊗ γ 1 )∆ is exactly a projector from U q (n) on S n,1 q such that (id⊗P r )∆ = ∆•P r [4] , [24] , [25] , [26] . In fact, by the properties of P r and ν n,n−1 , one can see that the right-hand side of the above equality is exactly a right-invariant integral on U q (n). Since such an integral is unique (see 2.5), the above equality is true.
The base of the induction is the following expression for an invariant integral on U q (1) : ν 1 (t) = 0, ν 1 (1) = 1. Now, using the formula for ν n,n−1 , we obtain the statements of the lemma.
Corollary 1.
The invariant integrals ν n and ν n,n−m are the faithful states on the corresponding C * -algebras C(U q (n)) and C(S n,m q ).
Remark 7.
The statement of the above corollary was obtained in [13] by different considerations.
5.2.
The construction of the invariant integral allows us to prove the following: 
Since L is a * -ideal, then vv * ∈ L, and we get π ωm,φ (vv * ) = 0. But at the same time, vv * is a strictly positive element, hence ν n,n−m (vv * ) > 0. This contradiction proves the theorem. The above theorem allows us to state that the representation
is the faithful representation of C * algebra C(S
n,m q
). This result generalizes the construction of the faithful representation for S n,1 q [28] .
Double cosets
U q (n − m)\U q (n)/U q (n − m).
6.1.
The definition of U q (n−m)\U q (n)/U q (n−m) as the intersection of U q (n− m)\U q (n) and U q (n)/U q (n − m) along with the results of Section 3 allow to describe the hypergroup structure on it more precisely than in Section 2.7. First, a straightforward corollary of Subsection 3.3 and Theorem 1 is given by the following: Lemma 3. The algebra U q (n−m)\U q (n)/U q (n−m) is generated by the generators t ij , t * ij (n − m + 1 ≤ i, j ≤ n) for which the relations of commutation (17) , (18) , (19) hold.
Moreover, this algebra has the following comodule decomposition:
n−m , where λ is an integral dominant weight such that µ n−m = 0 ≺ λ.
Remark 8.
We can also consider an algebra U q (n−m 1 )\U q (n)/U q (n−m 2 ). This algebra is generated by generators t ij , t * ij (n − m 1 + 1 ≤ i ≤ n, n − m 2 + 1 ≤ j ≤ n) for which the relations of commutation (17), (18) , (19) hold.
6.2.
One can introduce a new coproduct on the algebra U q (n−m)\ U q (n)/U q (n −m):∆ := (id ⊗ ν n−m ⊗ id)(id ⊗ γ m ⊗ id)(∆ ⊗ id)∆, where ν n−m is the invariant integral on U q (n−m), γ m is the epimorphism from U q (n) to U q (n− m) and ∆ is the coproduct on U q (n). 
6.3.
Theorem 2 allows to get the following statement referring to representations of double cosets: Finally, Lemma 2 gives a formula for the invariant integral on U q (n − m)\U q (n)/U q (n − m) which is the restriction of ν n,n−m on this algebra. The mentioned formula shows that the invariant integral is the faithful state on the C * -algebra generated by the double cosets.
